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ABSTRACT
The common envelope phase is a likely formation channel for close binary systems containing compact objects. Neutron stars in
common envelopes accrete at a fraction of the Bondi-Hoyle-Lyttleton accretion rate, since the stellar envelope is inhomogeneous,
but may still be able to accrete at hyper-critical rates (though not enough to become black holes). We show that common envelope
systems consisting of a neutron star with a massive primary may be gravitational wave sources detectable in the Advanced LIGO
band as far away as the Magellanic Clouds. To characterize their evolution, we perform orbital integrations using 1D models of
12푀⊙ and 20푀⊙ primaries, considering the effects of density gradient on the accretion onto the NS and spin evolution. From
the range of possible accretion rates relevant to common envelope evolution, we find that these systems may be significantly
louder gravitational wave sources than low-mass X-ray binaries like Sco X-1, which are currently the target of directed searches
for continuous GWs. We also find that their strain amplitude signal may allow for novel constraints on the orbital separation and
inspiral timescale in common envelopes when combined with pre-common envelope electromagnetic observations.
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1. INTRODUCTION
Neutron stars (NSs) and black holes (BHs) are the end
points of massive stellar evolution. With the recent detec-
tion of binary black holes (BBHs) through gravitational wave
(GW) emission (Abbott et al. 2016a,b,c; LIGO Scientific
and Virgo Collaboration et al. 2017; LIGO Scientific Col-
laboration and Virgo Collaboration et al. 2017), we have
a powerful new probe of BH physics, and we expect that
compact binaries with NS components will also be detected
in the very near future (Abbott et al. 2016d). A world-
wide network of kilometer-scale GW detectors formed by
the Advanced Laser-Interferometer Gravitational-Wave Ob-
servatory (aLIGO) detectors (The LIGO Scientific Collabo-
ration et al. 2015), Advanced Virgo (Acernese et al. 2015),
Kagra (Hirose et al. 2014), and LIGO-India (Unnikrishnan
2013) working at design sensitivity may enable routine detec-
tion of GW sources. The resulting catalogs will constrain the
numbers and masses of ultra-compact astrophysical objects
and will provide unique insights into the stellar evolution pro-
cesses that lead to their formation (Podsiadlowski et al. 1992;
Heger et al. 2003; Bogomazov et al. 2007; Langer 2012; Post-
nov & Yungelson 2014).
The detection of BBHs with aLIGO confirmed population
synthesis models that had predicted that BHs would be the
first GW sources to be detected with ground-based GWdetec-
tors, and in particular that massive stellar-mass BHs should be
found (Belczynski et al. 2010; Belczynski et al. 2016; Steven-
son et al. 2017; Belczynski et al. 2017). It also led to the de-
velopment of numerous models proposing a wide variety of
formation channels (e.g., Antonini et al. 2016; Abbott et al.
2016e,d; Rodriguez et al. 2016;Marchant et al. 2016; deMink
& Mandel 2016; Raccanelli et al. 2016; Mandic et al. 2016).
These formation scenarios, varying from plausible to specu-
lative, produce stellar mass BHs in a sufficiently close orbit
that GW emission can drive the binary to merger within a
Hubble time. The channel originally proposed by Belczynski
et al. uses common envelope (CE) evolution to achieve the
needed orbital separation (Belczynski et al. 2016; Kruckow
et al. 2016). This phase of binary stellar evolution involves a
primary star enveloping its companion, so that the two stellar
cores share a single envelope. Gravitational drag between the
cores and the common envelope causes the binary to inspiral,
thus reducing the orbital separation. As observations suggest
that more than 70% of massive stars exchange matter with a
nearby companion (Sana et al. 2012), channels involving CE
evolution are likely to be an important contributor to BBH
populations and other compact binary systems (e.g., Taam &
Sandquist 2000).
The CE process, as first introduced by Paczynski (1976), is
an outstanding problem in binary stellar evolution with many
open questions. Significant progress has been made toward a
more complete 3D description of the orbital dynamics (Ter-
man et al. 1994, 1995; Terman & Taam 1996; Rasio & Livio
1996; Ivanova & Chaichenets 2011; Ricker & Taam 2012;
Passy et al. 2012; Nandez et al. 2014; Nandez et al. 2015;
Ivanova et al. 2015; Ohlmann et al. 2016; Ohlmann et al.
2016; Staff et al. 2016; Iaconi et al. 2017). However, a lack
of physical data on CE systems has made it difficult to con-
strain models of CE evolution1. Additional sources of energy
appear to be required to prevent merger within the envelope,
with recombination being one of several putative candidates
(e.g., Nandez et al. 2015).
The CE phase may play a role in forming systems
such as binary white dwarfs (BWDs), binary neutron stars
(BNSs), black hole-neutron star (NSBH) binaries, and
BBHs (Kruckow et al. 2016). The scenario we consider
in this work is most relevant to BNSs and NSBHs with high-
mass X-ray binary progenitors that undergo CE evolution,
wherein the NS survives the CE phase. We take survival to
mean that the NS both ejects the envelope, preventing the
formation of a Thorne-Żytkow object, and does not accrete
enough mass to collapse to a BH. During the CE phase, ac-
cretion onto a NS companion may be hyper-critical (Houck &
Chevalier 1991; Armitage & Livio 2000). However, the ac-
cretion rate onto compact companions during CE evolution is
greatly suppressed from the Bondi-Hoyle-Littleton (BHL) ex-
pectation (Ricker & Taam 2008). MacLeod & Ramirez-Ruiz
(2015a), MacLeod & Ramirez-Ruiz (2015b), and MacLeod
et al. (2017) found, using 3D wind-tunnel simulations of ac-
cretion from flows including a transverse density gradient,
that the degree of suppression increases with the magnitude
of the density gradient. Considering these results with den-
sity gradients typical of stellar envelopes, they concluded that
NSs should survive the CE phase. MacLeod & Ramirez-Ruiz
(2015b), hereafter MR15, used a fit to these results to model
the CE evolution of a 1.33푀⊙ NS with 12 − 20푀⊙ super-
giant companions and found the amount of accretion to be
well below the threshold needed for collapse to a BH.
A system with a finite, changing quadrupole moment pro-
duces gravitational radiation. Such systems include accreting
NSs, which can be spun up to millisecond periods and can
exhibit asymmetries that introduce a changing quadrupole
moment (e.g., Wagoner 1984; Lai & Shapiro 1995; Bildsten
1998; Melatos 2007; Horowitz 2010; Patruno et al. 2012;
Lasky 2015). Piro & Thrane (2012) (hereafter PT12) pre-
sented an analytic model for the GW emission from an ac-
creting NS for a supernova fallback scenario. In the PT12
model, the NS is treated as a Maclaurin spheroid, and the
strain amplitude is estimated assuming that GW torque ef-
ficiently counterbalances accretion torque once the NS be-
1 See Ivanova et al. (2013) for a thorough review of the CE problem,
including a summary of recent advances in the field and prospects for future
developments in CE theory.
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comes secularly unstable. Observed NS spin frequencies in
X-ray binaries lie below the secular instability threshold (Pa-
pitto et al. 2014; Patruno et al. 2017). However, quadrupole
moments generated by other mechanisms, such as the tem-
perature dependence of electron capture reactions (Bildsten
1998; Ushomirsky et al. 2000) or burial of the magnetic
field by accreted material (Payne & Melatos 2004; Melatos
& Payne 2005), can easily exceed the levels needed to pro-
duce torque balance at the observed spins. In the context of
Thorne-Żytkow object formation, Nazin & Postnov (1997)
considered GW emission within the vicinity of the inspi-
ralling NS generated by anisotropic neutrino emission in the
presence of strong magnetic fields, i.e., 퐵 ≳ 1012 G, where
the frequency is modulated by the NS spin frequency. The
strain amplitudes they estimate are ∼ 3×10−28 at a distance
of 10 kpc.
In this paper, we use the MR15 model for CE evolution to
estimate the GW emission from crustal deformations of ac-
creting NSs undergoing CE inspiral and the resulting spin-
up. We include a prescription to account for the effects of
NS crust melting during inspiral, which decreases the strain
amplitude as the NS accretes at hyper-critical rates. We pro-
pose that a direct detection of GWs from a NS-CE binary may
constrain estimates of the orbital separation and decay rate
of the binary given a model for the primary star, helping to
address key questions in common envelope evolution such as
the condition for merger versus stabilization as a close binary,
the mechanisms responsible for envelope ejection, and the ef-
ficiency of envelope ejection.
We use Scorpius X-1 (Sco X-1), a low-mass X-ray bi-
nary (LMXB) system, as a reference continuous GW source.
The compact companion in this system is an accreting NS
that has been observed to have an X-ray luminosity 퐿X ≈
2.3×1038 erg s−1, which is consistent with the NS accreting at
its Eddington limit (e.g., Bradshaw et al. 1999). At a distance
퐷 ≈ 2.8 kpc, Sco X-1 is thought to be the loudest continuous
GW source in the aLIGO band, which covers the frequency
range 10 Hz ≲ 푓 ≲ 1 kHz (e.g., Abbott et al. 2016a,b,c).
To estimate the strain-amplitude evolution of a NS under-
going CE inspiral, we construct models for the CE structure,
NS orbital evolution, NS accretion rate, and GW emission
from the spinning NS. These models are simplified and pri-
marily serve to demonstrate how the strain amplitude and NS
spin may evolve with the accretion rate as the NS inspirals.
Performing global 3D simulations will be the subject of fu-
ture work and will provide more accurate characterizations of
the orbital evolution and the resulting strain amplitude. Our
estimates for the accretion rates and strain amplitudes are up-
per limits, given the simplifying assumptions we use.
It is possible for NSs to accrete above the Eddington limit,
i.e., to accrete in a hyper-critical regime. The lower limit on
the accretion rate of hyper-accreting NSs is set by thermal
neutrino cooling. Using the latest upper limits for the max-
imum quadrupole moment that the NS crust can sustain, we
estimate the greatest distance that hyper-accreting NSs would
be detected at strain amplitudes comparable to Sco X-1.
In § 2, we provide a brief review of aspects of CE theory
needed for this work. In § 3, we discuss NS accretion and
the physical regimes relevant to X-ray binaries and common
envelopes. In § 4, we review GW emission from accreting
NSs and discuss the torque balance assumption. In § 5, we
describe the detailed model we use to predict the GW signal
from NS-CE systems. In § 6, we present the orbital evolu-
tion of our models. We discuss in § 7 how orbital separation
and decay rate can be constrained and consider the detectabil-
ity of NS-CE events with aLIGO. We conclude in § 8 with a
summary of our results.
2. COMMON ENVELOPE PRELIMINARIES
2.1. Evolutionary sequence
A star in a close binary can expand over the course of its
stellar evolution to the point where it envelopes its compan-
ion star, thus initiating a CE phase. It is thought that the CE
phase involves a contact phase, followed by a plunge-in phase
in which the companion undergoes a fast inspiral, and finally
a self-regulated phase (Ivanova et al. 2013). If enough orbital
energy is dissipated in the envelope, the system transitions
to a post-CE phase in which the remainder of the envelope
is ejected. In this paper, we neglect the initial plunge, which
typically lasts 1-2 orbits in 3D simulations, and treat the entire
orbital evolution as self-regulated and driven by local gravi-
tational drag in the vicinity of the NS companion. The ad-
equacy of this approximation remains to be shown for the
binary system parameters we consider here. We are under-
taking this task using 3D simulations that will be presented
in a future paper.
2.2. The 훼CE parameter
The energy formalism is commonly used to parameterize
CE evolution (e.g., Webbink 1984) using the efficiency 훼CE
with which orbital energy release unbinds the envelope. The
binding energy of the envelope,퐸bind, is then related to the or-
bital energy dissipated over the course of the inspiral, Δ퐸orb,
via
퐸bind = 훼CEΔ퐸orb = 훼CE
(
퐺푀core푀NS
2푎f
−
퐺푀1푀NS
2푎i
)
,
(1)
where 푀1 is the mass of the primary, 푀core is the mass of
the primary’s core,푀NS is the mass of the NS companion, 푎i
is the initial orbital separation (taken here to be the radius of
the primary), and 푎f is the final separation. The core-envelope
split for the primary is an uncertainty, such that푀core usually
includes both the mass of the primary’s core and the leftover
envelope that remains bound to it. Some observed systems
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require 훼CE > 1, implying that additional sources of energy
contribute to unbinding the envelope2.
3. ACCRETING NEUTRON STARS IN BINARY
SYSTEMS
3.1. Eddington-limited accretion in LMXBs
Neutron stars in low-mass X-ray binaries can accrete from
their companion stars at rates as high as the Eddington accre-
tion rate, given by
푀̇Edd =
4휋퐺푀NS
휁푐휅T
, (2)
where 휅T is the Thomson scattering opacity and 휁 is the ef-
ficiency with which the mass accretion rate powers the lu-
minosity, typically taken to be 휁 ∼ 0.1. We re-express the
Eddington accretion limit in terms of typical NS parameters
as
푀̇Edd ≈ 3.5×10−8
(
푀NS
1.33푀⊙
)(
휅T
0.34 cm2 g−1
)−1
푀⊙ yr−1 .
(3)
A NS accreting mass can also accrete angular momentum
and be spun up. The accretion torque on a NS can be approx-
imated as (e.g., Bildsten 1998)
푁acc ≈ 푀̇
√
퐺푀NS푅eq , (4)
where 푀NS is the mass of the NS and 푅eq is the radius of
the NS at its equator. If we assume torque balance, so that
GW radiation losses equal the accretion torque (discussed in
more detail in § 4), the estimated strain amplitude from the
accreting neutron star is
ℎ0 ≈ 1.8×10−26
(
퐷
2.8 kpc
)−1( 푀̇
푀̇Edd
)1∕2( 푓GW
600Hz
)−1∕2
,
(5)
where we have scaled quantities to those appropriate for Sco
X-1 and assumed푀NS = 1.33푀⊙ and 푅eq = 10 km. Here
퐷 is the distance to the LMXB and 푓GW is the GW frequency.
3.2. Bondi-Hoyle-Lyttleton accretion
The accretion flow during CE inspiral can be parametrized
using the theory of BHL accretion (Hoyle & Lyttleton 1939;
Bondi & Hoyle 1944; Edgar 2004). The characteristic length
scale for accretion onto an object of mass 푀 moving at a
speed 푣∞ relative to a uniform medium with density 휌∞ and
sound speed 푐s is given by
푅BHL ≡ 2퐺푀푣2∞ + 푐2s . (6)
2 See DeMarco et al. (2011) for a detailed review of the energy formalism.
If, following MR15, we neglect the sound speed, then the
characteristic length scale is the Hoyle-Lyttleton (HL) accre-
tion radius, 푅HL (Hoyle & Lyttleton 1939). We define the
following parameters:
푅a ≡ 푅HL = 2퐺푀NS푣2∞ , (7a)
휏a ≡ 푅a푣∞ , (7b)
∞ ≡ 푣∞푐s . (7c)
Here푅a is the accretion radius of the NS, 휏a is the inspiral ac-
cretion timescale, and∞, is the local upstreamMach num-
ber. The HL accretion rate is then
푀̇HL = 휋푅2a휌∞푣∞ . (8)
Assuming this form for the accretion rate, the gravitational
drag force (e.g., Iben & Livio 1993) and corresponding en-
ergy loss rate experienced by the inspiraling companion can
be estimated using
퐹d,HL = 휋푅2a휌∞푣
2
∞ = 푀̇HL푣∞ , (9a)
퐸̇HL = 휋푅2a휌∞푣
3
∞ = 푀̇HL푣
2
∞ = 퐹d,HL푣∞ . (9b)
The actual accretion rate, drag force, and energy loss rate are
reduced relative to the HL rates during CE inspiral as dis-
cussed in § 5.2.
3.3. Hyper-critical accretion during CE inspiral
In hyper-critical accretion, thermal neutrino cooling is suf-
ficient to allow the accretion rate to exceed the Eddington
limit (Houck & Chevalier 1991). Once the NS surface tem-
perature exceeds∼ 1MeV, photons can be trapped in the flow
and a neutrino-cooling layer is expected to form outside the
NS surface. The photon-trapping radius is approximately
푅tr =
푀̇휅T
4휋푐
(10)
≈5.7×1013
(
푀̇
푀⊙ yr−1
)(
휅T
0.34 cm2 g−1
)
cm .
The shock radius is approximately
푅sh ≈ 1.6×108
(
푀̇
푀⊙ yr−1
)−0.37
cm . (11)
The general criterion for super-Eddington accretion to occur
via efficient thermal neutrino cooling is 푅tr > 푅sh, which
implies
푀̇ ≳ 푀̇hyper ≡ 8.9 × 10−5
(
휅T
0.34 cm2 g−1
)−0.73
(12)
∼104푀̇Edd ,
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where the last expression holds for typical NS masses. In our
model treatment, the transition from Eddington to hypercrit-
ical accretion occurs instantaneously. Physically, the density
of the gas falling into the accretion radius of the NS is high
enough such that temperatures rise to the point where ther-
mal neutrino cooling will start to occur and allow for hyper-
critical accretion.
Farther away from the NS, transport of thermal radiation
can efficiently cool the material that is gravitationally cap-
tured by the NS. As a NS inspirals within the CE, it creates
density wakes that provide additional gravitational drag. Pho-
ton bubbles can travel faster through the less dense regions
(e.g., Gammie 1998) and transport thermal energy away from
the accreting material more efficiently than advection and
conduction. Regions near the NS may also be unstable to the
neutrino-bubble (Socrates et al. 2005) and photon-bubble in-
stability, such that perturbations in the flow are seeded, grow
exponentially, and saturate into shock trains (e.g., Turner et al.
2005; Begelman 2006; Turner et al. 2007).
As emphasized by MR15, a finite density gradient in the
stellar envelope breaks the symmetry of HL accretion. Mate-
rial gravitationally captured within the accretion radius may
not be accreted onto the inspiralling companion due to the
flow’s angular momentum. The background density gradient
can be parametrized using the non-dimensional quantity
휖휌 ≡ 푅a퐻휌 = −
푅a
휌
d휌
d푟
, (13)
where 휌 is the density of the background medium and 퐻휌 is
the density scale height. MR15 found that the accretion rate
decreases relative to 푀̇HL with steeper density gradients. (We
describe the MR15 model in more detail in § 5.) This result
suggests that NSs can survive the CE phase since they accrete
only a small fraction of their initial mass during CE inspiral.
The actual accretion rate 푀̇ during inspiral appears to satisfy
푀̇Edd < 푀̇hyper < 푀̇ < 푀̇BHL < 푀̇HL. Hence, using 푀̇HL
for the accretion rate should provide an upper limit on the
GW emission due to accretion during CE inspiral, assuming
torque balance. Since the accretion rate suppression in the
MR15 model can be significant, we use MR15 instead of the
HL rate in what follows.
4. GRAVITATIONAL WAVES FROM ACCRETING
NEUTRON STARS
In the weak-field limit, the GW luminosity from a spinning
NS with a finite quadrupole moment 푄 is approximately
퐿GW =
32
5
퐺Ω6푄2
푐5
, (14)
where Ω is the spin angular frequency of the NS. The fre-
quency of the emitted GWs is twice the spin frequency:
푓GW = 2푓spin = Ω∕휋. The corresponding torque exerted
from the GW emission of angular momentum is
푁GW = −
퐿GW
Ω
. (15)
For optimally oriented GW sources, the GW strain amplitude
ℎ0 measured by a distant GW detector is
ℎ0 =
2퐺Ω2
푐4퐷
푄 = 2퐺Ω
2
푐4퐷
휀퐼 , (16)
where퐷 is the distance between the source and the detector, 휀
is the quadrupole ellipticity, and 퐼 = 15푀NS
(
푅2푧 + 푅
2
푒
) is the
moment of inertia of the NS. If the accretion torque is greater
than the GW torque, then the NS spins up according to
퐼Ω̇ = 푁acc +푁GW . (17)
We will find that the duration of the NS spin-up depends on
the accretion torque, such that the frequencymay be relatively
constant depending on the coherence time used for the inte-
gration.
4.1. NS Mountains
NS surface deformations away from axisymmetry, i.e.,
mountains, produce a time-varying quadrupole moment and
thus GW emission. There are two types of NS mountains that
may be present as the NS accretes during CE evolution: ther-
mal mountains and magnetic mountains. Bildsten (1998) first
described how electron captures in the crust of Eddington-
accreting NSs may generate density asymmetries on the NS
surface if a transverse temperature gradient is present, i.e.,
either from compositional variation, asymmetric local accre-
tion flow, buried magnetic fields, etc., and thus lead to GW
emission. The typical temperature of the crust of Eddington-
accreting NSs is of order 108 K such that the crust remains
solid. The maximum quadrupole moment of such thermal
mountains depends on the properties of the NS crust where
the crust ellipticity can be approximated as (Glampedakis &
Gualtieri 2017)
휀th ≲
휇cr휎br푉cr
퐺푀2NS∕푅NS
∼ 10−5
(휎br
0.1
)
, (18)
where 휇cr is the shear modulus of the crust, 푉cr is the vol-
ume of the crust, and 휎br is the crustal breaking strain.
For magnetic mountains on NSs with magnetar-level field
strengths, 퐵 ∼ 1015 G, the ellipticity may take on val-
ues of 휀mag ∼ 10−6 − 10−5. Our work is agnostic to the
mechanism by which mountains are produced and only re-
quires that such quadrupole moments are achievable. Sev-
eral previous works have estimated what values of the maxi-
mum quadrupole moment may be sustained by the NS crust.
Haskell et al. (2006) applied the formalism presented by
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Ushomirsky et al. (2000) to both accreted and non-accreted
NS crusts and determined the maximum quadrupole moment
to be 푄max ≈ 2×1039 g cm2. Horowitz & Kadau (2009)
performed 3D molecular dynamics simulations of local re-
gions of NS crust to obtain estimated for the breaking strain.
With their estimate for the breaking strain, Horowitz &Kadau
(2009) obtain a maximumNS crust ellipticity of 휀 ≈ 4×10−6.
With this bound on the ellipticity, we thus use a maximum
quadrupole moment of 푄max = 4×1039 g cm2 for this work.
With this upper limit on the maximum quadrupole moment,
the strain amplitudes we estimate in § 6 should be regarded
as upper limits.
When the accretion torque approximately balances the GW
radiation torque (푁GW +푁acc ≈ 0), the quadrupole moment
can be expressed as a function of the accretion rate by using
(4) and (15) to obtain
푄tb =
(
5
32
푐5
퐺Ω5
푀̇
√
퐺푀NS푅eq
)1∕2
. (19)
Since the mass and accretion rate change slowly compared to
the GW period, the implicit time dependence they introduce
into푄modulates the GW strain amplitude as the NS inspirals
within the CE.
We treat our model NS undergoing CE evolution as be-
ginning in torque balance and spinning up if the required
quadrupolemoment tomaintain torque balance is greater than
the maximum quadrupole moment that the NS crust can sus-
tain. At hyper-critical accretion rates temperatures are of or-
der MeV such that the the solid NS crust melts into liquid
and erases surface deformations. As long as there exists solid
NS crust, thermal mountains and/or magnetic mountains may
still be formed before they melt away. Our treatment of the
crust-melting process is described in § 5.6. For the magnetar
scenario, the crust remains deformed by the global magnetic
field as it is melting. For the thermal-mountain scenario, the
electron-capture rates just need to vary enough with temper-
ature in order to produce the required quadrupole moment.
We include a derivation of the required electron-capture rate
temperature dependence in Appendix A. At accretion rates
relevant to the fallback scenario, the accretion torque is large
enough such that the NS is spun up to secular instability,
which excites 푟-modes that produce GWs. In § 6wewill show
that accreting NSs in the CE case do not spin up to secular in-
stability.
5. METHODS
Here we describe how we use the considerations in the pre-
ceding sections to predict the GW signal produced by NS
companions in CEs with supergiant primaries. The steps we
take are:
(1) Construct a model for the primary’s density and temper-
ature structure at the time of CE inspiral. We use MESA
for this task.
(2) Construct a model for the accretion-rate evolution. We
use the MR15 model for the accretion rate as a function
of the background density gradient.
(3) Construct a model for the orbital evolution. We take the
orbital decay to be driven entirely by local gravitational
drag as computed using the MR15 model.
(4) Integrate the orbital evolution equation until the energy
dissipated in the envelope is equal to the binding energy
of the envelope for a given choice of 훼CE.
(5) Construct a model for GW emission from the spinning
NS. The strain amplitude ℎ0 is computed using the NS
spin frequency Ω and the NS quadrupole moment푄. We
describe the details of our model in § 5.5 and § 5.6.
5.1. Primary stellar model
We compute the single-star evolution of a 12푀⊙ and a
20푀⊙ primary with solar metallicity using the MESA stel-
lar evolution code version 8845 (Paxton et al. 2011, 2013,
2015). We consider CE phases occurring at two different
evolutionary stages: at the base and the tip of the red gi-
ant branch (RGB). Due to mass loss, the precise donor star
masses used are slighly smaller than their zero-age main se-
quence (ZAMS) values.3 During the inspiral the primary’s
structure is taken to be fixed. As pointed out by MR15, this
approximation is most reasonable for large binarymass ratios.
The density profiles and non-dimensional density gradients
of our stellar models are shown in Figure 1. A density inver-
sion appears near the surface of the stellar models because
of the interaction of the iron opacity bump with the nearly-
Eddington radiative flux in the envelope. This produces a
spike in 휖휌. 3D radiation hydrodynamics simulations (Jiang
et al. 2015) show that in low-density regions such inversions
develop a porous structure that allows radiative and convec-
tive energy transport to compete, expanding the envelope and
partially eliminating the inversion. In our calculations, the
presence of the inversion does not matter significantly for the
GW prediction. Given the present uncertainty regarding how
to properly treat such inversions in 1D stellar evolution codes
we have chosen to leave the inversion unmodified in this pa-
per.
5.2. Accretion rate model
3 MESA inlists and the model profiles used in this paper will be made
available through the MESA Marketplace at http://cococubed.asu.
edu/mesa_market/.
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Figure 1. Top panel: density profiles for 12푀⊙ and 20푀⊙ MESAstellar models at the base and tip of the RGB. Bottom planel: non-
dimensional density gradients for the same models.
To estimate the NS accretion rate at a given radius within
the primarywe use theHL rate expressions (Equations (8) and
(9)) modified using the model of MR15. MR15 performed
simulations of accretion onto a spherical sink region with a
background density gradient as a model for the local accre-
tion dynamics during CE evolution. They approximate the
gravitational drag obtained in their simulations using
퐹d,MR15(휖휌)
퐹d,HL
≈ f1 + f2휖휌 + f3휖2휌 , (20)
where the coefficients f푖 (푖 = 1, 2, 3) are given by
f1 = 1.91791946 , (21a)
f2 = −1.52814698 , (21b)
f3 = 0.75992092 . (21c)
The accretion rate in their simulations is approximately
log
(
푀̇MR15(휖휌)
푀̇HL
)
≈ 휇1 +
휇2
1 + 휇3휖휌 + 휇4휖2휌
, (22)
with accretion-rate coefficients 휇푖 (푖 = 1, 2, 3, 4) given by
휇1 = −2.14034214 , (23a)
휇2 = 1.94694764 , (23b)
휇3 = 1.19007536 , (23c)
휇4 = 1.05762477 . (23d)
We plot the accretion and drag ratios computed using Equa-
tions (20) and (22) and the density gradients from our MESA
stellar models in Figure 2. Note that in the region of the den-
sity inversion the drag is significantly enhanced while the ac-
cretion rate is significantly diminished relative to the HL pre-
diction. Hence including the inversion in the primary model
causes the NS to pass through this region rapidly without
emitting much GW energy. In some respects this mimics the
effect of the initial dynamical plunge seen in 3D CE simula-
tions, which we do not explicitly include.
5.3. Accretion rate parametrization
Accretion onto the NS during the CE phase is a fairly un-
certain process, and the wind-tunnel model for the orbital
evolution may not work well in our case since the primary
star structure may respond to the orbiting NS. To consider
the possibility that the accretion rate is diminished even fur-
ther below the MR15 model, we parameterize the accretion
rate using an efficiency factor 휂 ≤ 1. Since unstable cooling
solutions exist for 푀̇Edd < 푀̇ < 푀̇hyper , the accretion rate
we use is
푀̇ =
⎧⎪⎨⎪⎩
휂푀̇MR15 휂푀̇MR15 ≥ 푀̇hyper or ≤ 푀̇Edd ,
푀̇Edd 푀̇Edd < 휂푀̇MR15 < 푀̇hyper .
(24)
The case 푀̇ < 푀̇Edd is implicitly allowed in our model, but
in our integrations we find that the accretion rate is always≥ 푀̇Edd. The corresponding drag force is then
퐹d = 휂퐹d,MR15 , (25)
where even for Eddington-limited accretion rates, momentum
dissipation occurs within the accretion radius of the NSwhich
contributes to the drag force.
5.4. Orbital evolution model
We consider the same orbital evolution model as MR15. In
this model the inspiral is driven by local gravitational drag
within the envelope such that the orbital decay rate, 푎̇, obeys
푎̇ = 퐸̇ 푑푎
푑퐸orb
, (26)
where 퐸̇ is the energy dissipated by gravitational drag,
퐸̇ = −퐹d(휖휌)푣∞ . (27)
The gravitational drag force 퐹d(휖휌) is obtained from Equation
(25). Assuming a nearly circular orbit, the inspiral velocity
푣∞ obeys
푣2∞ =
퐺(푀NS + 푚(푎))
푎
, (28)
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Figure 2. Drag and accretion rate (relative to HL) given the envelope structure of our 12푀⊙ and 20푀⊙ stars.
where 푚(푎) = ∫ 푎0 4휋휌(푟)푟2 d푟 is the envelope mass enclosedwithin the orbital separation. The orbital energy 퐸orb is
퐸orb = −
퐺푀NS푚(푎)
2푎
. (29)
We follow the evolution of the accretion rate, 푀̇ , and the or-
bital separation, 푎, by integrating Equation (26). Following
MR15, we terminate the orbital evolution when the dissipated
energy begins to exceed the binding energy of the envelope,
Δ퐸orb ≥ 퐸bind , (30)
where we take 훼CE = 1 and where the binding energy is
퐸bind = ∫
푀
푚(푎)
(
푢 − 퐺푚(푎)
푟
)
d푚 . (31)
Here 푢 is the specific internal energy of the envelope gas. This
criterion may not correspond to the true end of the CE phase.
From the strain amplitude and/or its time derivative, it may
be possible to constrain the orbital decay rate of the NS. We
thus define the quantity
휉 ≡ 휏ins
휏orb
, (32)
where the inspiral timescale 휏ins and the orbital timescale 휏orb
respectively obey
휏ins =
푎|푎̇| , (33a)
휏orb =
2휋√
퐺(푀NS + 푚(푎))
푎3∕2 , (33b)
and 푎̇ obeys Equation (26). We use the 휉 parameter to char-
acterize how the orbital decay of the NS evolves within the
CE and describe its features as follows. The limit of 휉 ≫ 1
corresponds to a slow migration, where the inspiral occurs
over many orbital periods. The range 휉 ∼ 1 corresponds to a
merger within an orbital period, i.e., a moderate inspiral. The
limit of 휉 ≪ 1 corresponds to a merger on a timescale much
shorter than the orbital period, i.e., a rapid inspiral. In terms
of CE evolution, the plunge-in phase may be characterized
by 휉 ≪ 1 increasing to 휉 ∼ 1, followed by the self-regulated
phase, where 휉 ≫ 1. Since we are treating the CE inspiral
as quasi-circular, cases where 휉 ≪ 1 indicate a breakdown in
the validity of this assumption.
5.5. Spinning NS model
To self-consistently determine the equatorial radius given
the NS spin, we adopt the same approach as PT12. We treat
the NS as an axisymmetric Maclaurin spheroid and take any
internal viscous dissipation to be negligible since it operates
on timescales several orders of magnitude longer than dissi-
pation via GW radiation. The GW emission then reacts im-
mediately to changes in the accretion rate.
The NS spin is parametrized using the spin parameter 훽 =
푇 ∕|푊 |, where 푇 is the rotational kinetic energy and푊 is the
gravitational potential energy. From the Maclaurin spheroid
model, the spin parameter can be expressed in terms of the
NS ellipticity as
훽 = 3
2푒2
[
1 − 푒(1 − 푒
2)1∕2
sin−1 푒
]
− 1 . (34)
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The NS spin obeys
Ω2 = 2휋퐺휌̄
푞푛
[
(1 − 푒2)1∕2
푒3
(3 − 2푒2) sin−1 푒 − 3(1 − 푒
2)
푒2
]
,
(35)
where 휌̄ = 3푀∕4휋푅30 is the average density, 푅0 is the radiusof the NS with zero rotation, and
푞푛 = (1 − 푛∕5)휅푛 , (36)
with 푛 as the polytropic index and 휅푛 as a constant of order
unity (see Table 1 in Lai et al. 1993). We take 푛 = 0.5, which
is stable against mass shedding. From the ellipticity, the NS’s
equatorial radius is
푅eq =
푅̄
(1 − 푒2)1∕6
, (37)
where 푅̄ is the mean radius of the NS given by
푅̄ = 푅0
[
sin−1 푒
푒
(1 − 푒2)1∕6(1 − 훽)
]−푛∕(3−푛)
. (38)
We take the spin parameter to be bounded by 훽sec, so that GW
emission prevents the NS from becoming secularly unstable.
We plot the ellipticity and spin frequency, 푓s = Ω∕(2휋), as a
function of the spin parameter in Figure 3.
5.6. Quadrupole-moment model and strain amplitude
The NS crust ellipticity is the source of GWs in our model
of NS-CE evolution. The temperature of the NS crust while
accreting at the Eddington rate are ∼ 108 K (e.g., Bildsten
1998). At MeV temperatures relevant to hyper-critical accre-
tion, the outer crust melts into ocean, which erases surface
deformations that were previously present. The lower layers
may still have surface deformations and continue to generate
GWs before melting away. Once the entire crust melts, then
there is no GW emission from the NS for the rest of the CE
evolution. In this scenario, we expect there to be GW emis-
sion as long as the crust-melting timescale is longer than the
CE inspiral timescale. Physically, the local crust-melting rate
depends on a number of factors including the composition,
density, etc., which are uncertain. As a conservative assump-
tion, we take the accretion rate as a bound on the crust-melting
rate, which sets the crust-melting timescale to
휏melt ∼
푀cr
푀̇
, (39)
A lower crust-melting rate would be advantageous as it would
allow for the NS crust to remain present on a longer timescale,
thus allowing for more GW emission to occur during the
CE inspiral. We approximate the crust to be close to con-
stant density such that the ellipticity of the crust is a function
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Figure 3. Solutions of the Maclaurin spheroid model for 푛 = 0.5.
The green dashed line indicates the threshold of secular instability.
Top panel: ellipticity vs. spin parameter. Bottom panel: spin fre-
quency vs. spin parameter.
of the crust mass that is present, thus setting the maximum
quadrupole moment to
푄max = 4×1039
(
푀acc
푀cr
)
g cm2 = 4×1039
(
푀acc
0.05푀⊙
)
g cm2 ,
(40)
where푀acc is the amount of mass the NS accretes during CE
inspiral and where we have taken the initial crust mass to be
푀cr = 0.05푀⊙ (Barkov & Komissarov 2011). The model
for the quadrupole moment is summarized as:
푄 = min(푄max, 푄tb) , (41)
where 푄tb is the quadrupole moment obtained from torque
balance, Eq. (19), as described in § 4.1. With the above pre-
scription, the NS crust sustains a maximum quadrupole mo-
ment and spins up according to Eq. (17) if 푄tb < 푄max. If
푄tb > 푄max, then the NS maintains torque balance. With the
spin frequency Ω and the quadrupole moment 푄, the strain
amplitude ℎ0 is computed using Eq. (16).
6. RESULTS
6.1. Model parameters and initial conditions
The parameter values we use for the spinning NS are
푀NS = 1.33푀⊙ and 푅NS = 푅0 = 10 km. We take the NS
to have a spin frequency of Ω∕(2휋) = 250 Hz with the cor-
responding ellipticity and spin period being 푒0 = 0.177 and
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Table 1. Model parameters.
Model 휂 푀ZAMS∕푀actual(푀⊙) Stage
M1 1.0 12/11.8 RGB base
M2 0.1 12/11.8 RGB base
M3 1.0 12/11.7 RGB tip
M4 0.1 12/11.7 RGB tip
M5 1.0 20/19.2 RGB base
M6 0.1 20/19.2 RGB base
M7 1.0 20/19.1 RGB tip
M8 0.1 20/19.1 RGB tip
푃0 = 4 ms, respectively. In order to factor out the distance
to the source, we will present the strain amplitude relative
to its Eddington-accreting NS in torque balance spinning at
the initial rotation rate, 푃0. The initial separation is taken
to be 푎i = 푅1, where 푅1 is the radius of the primary. We
summarize the parameter values in Table 1.
6.2. Orbital evolution
Given the NS parameters and the primary structure, we de-
termine the orbital separation, accretion rate, and strain am-
plitude as functions of time by integrating Equation (26). The
resulting evolution for the 12푀⊙ and 20푀⊙ models is shown
in Figures 4 and 5.
In all cases we find that the accreted mass (panel E in Fig-
ures 4 and 5) is less than ∼ 0.1푀⊙ at the end of the integra-
tion, consistent with MR15. Thus the NS does not accrete
enough mass to collapse into a BH. However, for both initial
masses, the inspiral behavior (panel A) is strikingly different
for stars at different evolutionary stages. For donors at the tip
of the RGB, the NS appears to end the inspiral at a finite sep-
aration, with 휉 increasing. However, for donors at the base
of the RGB, the NS undergoes a rapid plunge upon reaching
the termination criterion, suggesting that these systems will
merge and form Thorne-Zytkow objects. In these cases the
accretion rate increases rapidly at the end of the inspiral. We
have tested the sensitivity of this result to numerical effects
by carrying out the integrations with 1/10 the timestep and
integrating past the termination criterion, finding that the be-
havior is unchanged.
Careful comparison with the model profiles (Figure 1) sug-
gests that the more evolved stars avoid merger because they
reach the termination criterion before the NS reaches the hy-
drogen burning shell, where 휖휌 displays a discontinuity. Al-
though reaching a burning shell should violate the assumption
that the donor profile is static (and the final plunge certainly
violates the quasi-circular orbit assumption), the response of
the star at this point might be to expand and thus further in-
crease the drag. However, note from panel D that except for
Table 2. Inspiral results.
Model 푡f inal (yr) 푎i∕푎f ℎ0,max∕ℎ0,i Ωf∕Ωi
M1 0.741 59.9 13.7 1.61
M2 7.41 61.5 13.7 1.61
M3 0.620 7.47 1.08 1.25
M4 6.21 7.54 13.7 1.25
M5 5.43 161 13.7 2.70
M6 54.4 165 13.7 2.68
M7 1.61 3.28 1.08 1.30
M8 16.1 3.29 13.7 1.29
the more evolved cases with 휂 = 1.0 and the very end of the
merger cases (if run past the termination criterion), generally
휉 > 1. This suggests that the quasi-circular approximation is
at least self-consistent for these cases.
The strain amplitude (panel H) is typically louder than an
Eddington-limited NS, particularly for the merger cases, im-
plying that NS-CE systems can potentially be louder sources
of GWs than LMXBs. This also implies that NS-CE sys-
tems may potentially be detected out to greater distances than
Galactic LMXBs, which we discuss in more detail in Section
7.3. Since the accretion rate monotonically increases over the
course of the inspiral (see panel C of Figures 4 and 5), the
strain amplitude also increases with time, but experiences a
turn-over as a significant amount of crust has melted. For the
more evolved stars, it levels off at ∼ 3 − 10× its initial value,
while for the less evolved stars, whichmerge, the strain ampli-
tude increases by another factor of∼ 3−10 over a timescale of
less than a year. The loudest NS-CE systems should therefore
be the ones with more compact, less evolved donors. Merg-
ing and non-merging cases can be distinguished based on the
sign of the second time derivative of the strain amplitude.
Reducing the accretion efficiency 휂 below 1.0 can cause
the accretion rate to fall within the region of unstable cool-
ing solutions found by Houck & Chevalier (1991). This is
seen in the 휂 = 0.1 models. The accretion rates during those
periods are thus modulated by the Eddington limit, making
the system no louder than a LMXB. The gravitational drag
decreases when the accretion rate is reduced, resulting in a
longer inspiral timescale. Thus the 휂 = 0.1 models have an
inspiral duration ∼ 10 times longer than for 휂 = 1. We tabu-
late the duration of the inspiral, the factor by which the initial
orbital separation decreases, and the factor bywhich the strain
amplitude increases in our models in Table 2.
6.3. Spin evolution
The spin evolution is shown in Panel F of Figures 4 and
5 and spin ratios and values are tabulated in Tables 2 and 3,
respectively. The spin-up in our models suggest that the GW
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Figure 4. Orbital evolution curves for the 12푀⊙ stellar model. Panel A: orbital separation between the NS and the primary’s core, in units of
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Figure 5. Same quantities as Figure 4 for the 20푀⊙ model.
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waveform is that of slow chirp, where both the GW amplitude
and GW frequency increase over the course of the inspiral as
long as there exists a significant amount of crust. Smaller ac-
cretion torques produce a slower spin-up such that the wave-
form may be relatively continuous over an integration time of(10 hr). Our models do not reach secular instability.
7. DISCUSSION
7.1. Constraining the Orbital Separation
The orbital separation at any point during CE evolution
would be difficult to measure with electromagnetic observa-
tions due to the high optical depth of the envelope. Direct
detection of a GW signal from an accreting NS within the
CE may provide the only way to constrain the orbital separa-
tion between the NS and the primary’s core during the inspi-
ral. However, since this constraint relies on knowledge of the
primary mass and evolutionary state, the NS mass, and the
distance to the system, pre-CE electromagnetic observations
would be needed to obtain useful constraints.
The orbital separation can be constrained as follows. We
estimate the accretion rate from the GW strain amplitude us-
ing Equations (16) and (19). From the accretion rate the back-
ground density gradient can be computed via Equations (22)
– (41). The accretion rate as a function of the strain ampli-
tude is plotted in Panel A of Figure 6. During the earlier
portions of the inspiral when a majority of the crust remains,
higher strain amplitudes imply higher accretion rates. While
the functional form of the MR15 model admits multiple solu-
tions for 휖휌 given 푀̇ , our forward integrationwith an assumed
stellar model selects the correct one. Using the data from pan-
els B and H of Figures 4 and 5, we plot in the top panel of Fig-
ure 6 the non-dimensional density gradient, 휖휌, as a function
of the strain amplitude relative to the strain amplitude for the
NS at its Eddington limit. (The NS mass and the distance are
used to compute ℎ0,Edd here.) Time is implicitly a parameter
in this plot, and since the strain amplitude increases mono-
tonically with time, both increase from left to right. Because
of the early steep drop in 휖휌, for a given fixed uncertainty in
ℎ0∕ℎ0,Edd the best constraints should be obtained later in the
evolution, where 휖휌 is smaller.
Assuming a stellar model for the primary, the orbital sepa-
ration can be constrained from the dimensionless density gra-
dient. Figure 7 shows the dependence of 푎 on 휖휌; clearly 푎
is most sensitive to 휖휌 where 휖휌 is better determined from
ℎ0∕ℎ0,Edd. Note that while the connection between ℎ0∕ℎ0,Edd
and 휖휌 depends on the value of 휂, the dependence of 푎 on 휖휌
comes from the stellar model only. We also plot 푎 as a func-
tion of the strain amplitude in the middle panel of Figure 6,
where higher strain amplitudes correspond to lower orbital
separations for all of our models.
We list final values of strain amplitude, density gradient,
and separation for our models in Table 3. Since the stars at
the base of the RGB appear to undergo merger, the final sepa-
ration in these cases is relatively insensitive to the mass of the
primary and 휂. For more evolved stars, the dependence on 휂
is essentially undetectable, but changing the mass from 12 to
20푀⊙ increases the final separation by a factor of 4.3 and de-
creases the strain amplitude by about 40%. Hence while this
technique could be used to measure the amount of CE inspi-
ral, successful applicationwill require some type of constraint
on the primary mass.
7.2. Constraining the Orbital Decay Rate
As we have seen, the inspiral parameter 휉 is a measure of
how rapid the inspiral is compared to the orbital period. A
measurement of this parameter would provide information
about the CE drag mechanism as well as the envelope struc-
ture. This is another area in which electromagnetic observa-
tions can give us very little information during the CE phase,
but combining pre-CE electromagnetic constraints with the
GW emission during common envelope can potentially dis-
tinguish between plunging and non-plunging scenarios.
Estimating 휉 requires an estimate of 푎 (§ 7.1), to determine
the orbital period 휏orb, and an estimate of 푎̇, to determine the
inspiral timescale 휏ins. In both cases, we first obtain 휖휌 from
ℎ0∕ℎ0,Edd as described in the previous section. We then use
Equation (25) to determine the drag force and Equations (26)
– (28) to compute 푎̇. (As with the accretion rate, the func-
tional form of the MR15 drag force model allows multiple
solutions for 휖휌, but an assumed stellar model lets us choose
the correct one.) The inspiral parameter is plotted as a func-
tion of the strain amplitude in Panel D of Figure 6, as a func-
tion of 휖휌 in the bottom panel of Figure 7, and as a function of
orbital separation in Figure 8. We also tabulate values at the
end of the inspiral in Table 3. As expected from the orbital
evolution, the final orbital decay rates for the models at the
base of the RGB are greater in magnitude than for the more
evolved models. However, the final inspiral parameter values
are smaller at the tip of the RGB, though they are still greater
than 1. At face value, this seems inconsistent with the appar-
ent merging behavior of the less evolved primaries. However,
휉 is more rapidly increasing for the more evolved cases. If the
integration is carried beyond the termination criterion, 휉 con-
tinues to increase, while for the stars at the base of the RGB
it drops sharply.
As previously mentioned, reducing the accretion rate in-
creases the inspiral timescale, which increases 휉, as seen in
the 휂 = 0.1 models relative to the 휂 = 1 models. Reduc-
ing the accretion rate also reduces the strain amplitude, which
shifts the model curves to the left in the 휉 − ℎ0 plane. Early
in the orbital evolution, 휉 ≪ 1 and the quasi-circular approx-
imation is invalid; we have noted that this is due to uncer-
tainties in the outer envelope structure. During the middle
stages of evolution where these uncertainties begin to affect
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Table 3. Model quantities at the final timestep.
Model ℎ0,f∕ℎ0,Edd Ωf∕(2휋) (Hz) 푀̇f (푀⊙ yr−1) 휖휌,f 푎f (au) 푎̇f (au yr−1) 휉f
M1 7.94 402 2.50 1.29 2.26×10−2 −7.20 2.32
M2 7.76 402 0.261 1.43 2.22×10−2 −0.874 19.5
M3 13.6 313 5.91×10−2 0.972 0.444 −2.26 1.71
M4 13.6 313 5.91×10−2 0.972 0.444 −0.226 17.1
M5 0.00 675 4.74 0.817 1.78×10−2 −4.65 5.22
M6 0.00 669 0.485 0.819 1.75×10−2 −0.457 54.1
M7 13.4 324 2.11×10−2 0.521 1.93 −1.59 1.59
M8 13.4 324 2.11×10−2 0.521 1.93 −0.159 15.9
휖휌 less, the inspiral parameter depends weakly on the strain
amplitude. However, at the end where the evolution resolves
into stabilization as a close binary or merger, 휉 undergoes a
sharp uptick. In the non-merger cases this is particularly pro-
nounced, while in the merger cases it is followed by a sharp
drop when integrating past the termination criterion. This be-
havior is nearly independent of 휂. This abrupt change in be-
havior offers a (model-dependent) way to distinguish the two
scenarios.
7.3. Detecting NS-CE systems with gravitational waves
Any accreting, spinning NS with an asymmetry with re-
spect to its rotation axis is a GW source that may be detectable
in the aLIGO band. In Figure 9 we compare the GW emission
properties of NS-CE systems from models M3 and M7 with
LMXBs accreting at the Eddington limit, NSs undergoing
fallback accretion in supernovae, a subsample of strain-ratio
upper limits from Meadors et al. (2017), and expected strain-
ratio upper limits for aLIGO, assuming a source distance of
2.8 kpc. As we have seen, even when the density gradient is
steep and we make conservative assumptions about the accre-
tion efficiency, NS-CE systems can be about 10 times louder
than LMXBs like Sco X-1. However, fallback accretion rates
have been estimated to be 푀̇fall ∼ 10−4 − 10−2푀⊙ s−1 over
a timescale of (∼ 102 s) (MacFadyen et al. (2001); Zhang
et al. (2008); PT12). Such accretion rates can exert an accre-
tion torque large enough to spin up the NS up to the point of
secular instability, 훽 ∼ 훽sec. Thus fallback-accreting systems
should be up to ∼103−4 times louder than NS-CE systems.
Their characteristic frequencies should reach higher values
than for X-ray binaries, but may overlap the binary range be-
fore reaching secular instability. However, since the NS-CE
systems have a GW modulation timescale ranging from ∼ 1
month - 100 yr, it should be easy to distinguish them from
fallback accretion events.
For the aLIGO design sensitivity curve, we have taken a
coherent integration time of 휏coh = 30 hr, similar to what the
Einstein@Home uses for their continuous GW searches (e.g.,
LIGO Scientific Collaboration et al. (2009); Abbott et al.
(2016)). The coherence time is for an individual frequency
such that푁 continuous-waveform searches within a given in-
terval of the aLIGO band results in a total integration time
of 푁×휏coh. If we use its value in the range of frequencies
relevant to X-ray binaries, hyper-accreting NS-CE systems
should almost be detectable at 2.8 kpc once aLIGO achieves
design sensitivity and the loudest merging NS-CE systems
may already be detectable at ten times this distance. If the
NS has achieved the maximum quadrupole moment that it
can sustain, the maximum distance at which NS-CE systems
would have strain amplitudes comparable to Sco X-1 can be
estimated as
퐷 ≈ 62 kpc
(
ℎ0
3.5×10−26
)−1 ( 푃
1.4ms
)−2( 푄max
2×1039 g cm2
)
.
(42)
Thus, by the time Sco X-1 becomes detectable via gravita-
tional waves, hyper-accreting NS-CE systems with (1 ms)
NS spin periods should be detectable as far away as the Mag-
ellanic Clouds. NS-CE systems with larger NS spin periods
may be detectable onlywithin theGalaxy. For example, a NS-
spin period of ∼ 4 ms would only be detectable to ∼ 8 kpc,
i.e., the Galactic center.
8. CONCLUSIONS
In this paper, we have shown that accreting neutron stars
undergoing common envelope inspiral may be gravitational
wave sources detectable in the aLIGO band as far away as the
Magellanic Clouds. To characterize the evolution of NS-CE
systems, we performed orbital integrations using 12푀⊙ and
20푀⊙ primaries produced with MESA, treating the accre-
tion onto the NS with the MR15 model, using the Maclaurin
spheroid model to estimate the spin evolution of the NS, and
a quadrupole-moment model to account for melting of the NS
crust during the inspiral. From the range of possible accretion
rates relevant to CE evolution, we find that NS-CE systems
may be significantly louder GW sources than LMXBs like
Sco X-1, which are currently the target of directed searches
for continuous GWs. We also find that the measured GW
strain amplitude of the accreting NS may allow for novel con-
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Figure 6. Dependence of model quantities on the strain amplitude.
Panel A: accretion rate. Panel B: dimensionless density gradient.
Panel C: orbital separation. Panel D: inspiral parameter.
straints on the orbital separation and inspiral parameter in NS-
CE systems when combined with pre-CE electromagnetic ob-
servations. A sustained mountain producing a time-varying
quadrupole moment during spin-up produces a GW signal
with a slow chirp-like frequency evolution. The frequency
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Figure 8. Inspiral parameter, 휉, as a function of orbital separation
for our models.
evolution, however, may be slow enough such that the wave-
form is continuous over an integration time of(10 hr). Over
the course of the inspiral, the NS crust will melt which re-
duces the maximum sustainable quadrupole moment. Once
the entire NS crust is melted, there is no GW emission from
the electron-capture mechanism.
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Our strain amplitude estimates should be regarded as up-
per limits. However, the threshold for hyper-critical accre-
tion yields a strain amplitude that should be detectable with
aLIGO to distances as large as ∼62 kpc at (1ms) spin peri-
ods once Sco X-1 becomes detectable. Thus there is potential
for extragalactic NS-CE sources to be detected and character-
ized with aLIGO. In the absence of such detections, we would
have to conclude that the accretion may be melting the crust
before GW amplitude increases to a detectable level or the
rate of NS-CE events per galaxy is low.
In a future paper we will examine further using 3D simula-
tions some of the assumptions we have adopted here. In par-
ticular, plunging phases of CE evolution may produce rapid
changes in the GW signal relative to the integration time that
may prove useful as diagnostic features. The final separation
and the condition that defines it are not well-determined yet,
but it clearly plays an important role in setting the maximum
GW luminosity of NS-CE systems. In stars for which the ther-
mal adjustment and dynamical timescales are not too dissim-
ilar, such as the massive stars considered here, the response
of the primary to the inspiral cannot be neglected and may
determine the final separation and thus maximum GW lumi-
nosity. Finally, uncertainties in the outer envelope structure
clearly matter in the early phases of NS-CE evolution with
massive primaries, and further improvements can be sought
in this area.
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APPENDIX
A. QUADRUPOLE MOMENT FROM ELECTRON CAPTURES IN AN ISOTHERMAL ATMOSPHERE
Following (Bildsten & Cumming 1998), the mass accretion rate is balanced by the electron capture rate for a given target nuclei
in a steady state by
푚̇d푋
d푦
= −푋푅ec , (A1)
where 푚̇ is the mass accretion rate per unit area, 푋 is the concentration of the target nuclei, and 푦 = ∫ 휌(푧) d푧. At the Eddington
accretion rate, the mass-accretion rate per unit area is
푚̇Edd =
휇e푚p푐
휎T푅NS
= 7.5×104휇e
(
푅NS
10 km
)
g cm−2 s−1 , (A2)
where 휇e is the mean molecular weight per electron and 푚p is the mass of the proton. We re-express the above equation in terms
of the crust depth
∫
푋
1
d푋′
푋′
= −∫
Δ푧
0
푅ec
푚̇
휌(푧) d푧 . (A3)
The density jump across the electron-capture layer is of order Δ휌∕휌 ≈ 10% (Ushomirsky et al. 2000, e.g.,), so we take an average
density: ∫ Δ푧0 휌(푧) d푧 ≈ 휌̄Δ푧. Solving for the thickness of the electron-capture layer, we obtain
Δ푧 = − 푚̇ ln(푋)
휌̄푅ec
, (A4)
The height of mountains generated by electron-captures is of order the electron-capture layer and has an implicit temperature
dependence:
Δ푧 = 휕Δ푧
휕푇
Δ푇 , (A5)
where the temperature variation
Δ푇 = 휕푇
휕푥
Δ푥 , (A6)
may arise from local asymmetric accretion flow, buried magnetic fields, local compositional variation, etc. Taking the temperature
derivative of Eq. (A4), we obtain
휕Δ푧
휕푇
= 푚̇ ln(푋)
휌푅2ec
휕푅ec
휕푇
. (A7)
From expressions (A5)-(A7), lateral temperature gradients on the NS surface along with the temperature-dependence of the
electron-capture rates produces mountains with height (Δ푧). As long as these mountains are unaligned with the NS spin axis,
the generated quadrupole moment is
푄 = 휀퐼 = 푎 − 푏1
2 (푎 + 푏)
1
5
푀NS(푎2 + 푏2) . (A8)
where
푎 = 푅NS +
1
2
Δ푧 , (A9a)
푏 = 푅NS −
1
2
Δ푧 . (A9b)
The ellipticity is
휀 = Δ푧
푅NS
(A10)
and evaluating the mass quadrupole moment
푄 = 휀퐼 =
(
Δ푧
푅NS
)
1
5
푀NS
[(
푅NS +
1
2
Δ푧
)2
+
(
푅NS −
1
2
Δ푧
)2]
, (A11)
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and taking Δ푧 ≪ 푅NS, we ignore terms that are ≥ (Δ푧2) such that 푄 reduces to
푄 = 휀퐼 ≃ 2
5
푀NS푅NSΔ푧 . (A12)
We plug in the expression for Δ푧 (Eq. (A5)) to obtain
푄 = 2
5
푀NS푅NS
휕Δ푧
휕푇
Δ푇 . (A13)
We rearrange to get
휕Δ푧
휕푇
= 5푄
2푀NS푅NSΔ푇
. (A14)
We then plug in Eq. (A7) to obtain the required temperature dependence of the electron-capture rate for a desired quadrupole
moment 푄0
휕푅ec
휕푇
≥ 휌푅2ec
푚̇ ln(푋)
5푄0
2푀푅NSΔ푇
. (A15)
If the left-hand side of the above expression is less than the right-hand side, then the generated quadrupole moment is less than the
desired one: 푄 < 푄0. For the hypercritical regime, we consider a target nuclei of 56Niwith푅ec and 휕푅ec∕휕푇 obtained from Nabi
& Rahman (2005), a remaining concentration 푋 = 0.1, 푚̇ = 104푚̇Edd, 푄0 = 4×1039 g cm2 , 푇 = 1010 K, 휌̄ = 109 g cm−3, and
Δ푇 = 0.01푇 , we find that Eq. (A15) is satisfied, which suggests that electron captures may be a relevant mechanism for generating
GW emission for NS-CE events. Evaluating Eq. (A15), for the Eddington case with hydrogen and using 푅ec and 휕푅ec∕휕푇 from
Bildsten & Cumming (1998), 푚̇ = 푚̇Edd, 푇 = 109 K, 휌̄ = 107 g cm−3, and other values the same as the previous case, Eq. (A15)
is satisfied.
